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1. INTRODUCTION 
Let us call a (finite) group G with dihedral or cyclic S,-subgroups a D- 
group if G/G(G) is either a 2-group, or is isomorphic to the alternating 
group A,, or has a normal subgroup of odd index isomorphic to P&C,(q) or 
PGL,(q) for some power q of an odd prime. 
Together with [3], this article represents an alternate proof of the 
following 
THEOREM OF GORENSTEIN AND WALTER [lo]. Groups with dihedral 
Sylow 2-subgroup are D-groups. 
It is mainly based on characterizations ofP&Y,(q) and A, by Brauer et al. 
[4] and by Suzuki [ 141, on the Feit-Thompson Odd Order Theorem [5], 
used throughout this paper without reference, and on Glauberman’s ZJ- 
Theorem [6], not available when Gorenstein and Walter proved their 
fundamental classification theorem. 
Our maximal subgroup approach is adopted from [ 11. 
It was Glauberman’s work [ 71, privately communicated, which revived the 
author’s interest in the subject. Via [3] it led to extensive simplifications of
his original proof. 
In the remainder of this section we list some elementary general facts. 
In addition to standard notation we write F,(X) for 0,(&Y)) and 1*(s) 
for (xEX]xS=x-‘J. 
A group E is called quasisimple if 1 # E = E’ and E/Z(E) is simple. 
j’ This research was supported by a grant from the National Science Foundation, and was 
partially done in connection with lecture courses held at the University of Illinois at Chicago 
Circle and the University of Kiel in 1971 and 1977. I wish to thank these institutions for the 
opportunity to lecture on such a special topic. Finally, I would like to acknowledge my 
gratitude to Professor George Glauberman. 
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1.1. If a p-group P acts on a p’-group K, then 
(i) [P, [P, K]] = [P, K] and K = [P, K] C,(P); 
(ii) the maximal P-invariant q-subgroups (q a prime) of K are S,- 
subgroups of K conjugate under C,(P); 
(iii) (C,(a) 1 a E P”) = K un ess P is cyclic or quaternion; 1 
(iv) tf P centralizes ome normal (or subnormal) subgroup K, of K 
satisfying C,(K,) c K,, then P centralizes K. 
1.2. If H is a solvable group, then C,(F(H)) c F(H). 
1.3. If P is a p-subgroup and Y is a normal p’-subggroup of a group X, 
then X := X/Y satisfies CAP) = C,(P) and N,-(P) = N,(P). 
1.4. Let y be an involution in a group G. Then, for g E G, gy is an 
involution if and only if y # g E I&y). 
Furthermore, f, g E Io( y) implies fg- ’ E I,(gy). 
1.5. If an involution s acts on a 2’-group X, then 
(i) I,r:= (xEX]xS=x-I}= {x-‘xS]xEX}; 
(ii) X = C,(s) I,(s) = I,(s) C,(s) and ] I,(x)/ = ]X : C,(s)]; 
(iii) zf I,(s) is a subgroup, then it is an abelian normal subgroup of X, 
thus lies in F(X). 
1.6. In a group G with dihedral or cyclic S,-subgroups we have one of 
the following four cases. 
(a> C,(F,,(G)) g F24G); 
(b) G has a central involution (hence has a normal 2-complement); 
(c) O,(G) is of type (2,2), and G/O,(G) x O(G) is Z, or D,; 
(d) G has a quasisimple normal subgroup E (with G/E solvable). 
We define E(G) := E in case (d) and E(G) := 1 in the other cases, and let 
F*(G) := F(G) E(G). 
In any case, all involutions of G are conjugate tf O’(G) = G, and then 
No(V) is transitive on V# for every subgroup V of type (2,2). 
1.7. The structure of L = PGL,(q) and L, = L,(q) = PSL,(q) for odd q: 
0) ILI =4(4 - 1)(9 + 1); 
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(ii) L has TI-subgroups Q (elementary), Q+, Q- (both cyclic) of order 
q, q + 1, q - 1, respectively, such that NL(Q) = QQ- (a Frobenius group), 
WQ+P4,,+,,, and NL(Q-) = D,(,- I,; 
(iii) 2=(L:L,I=lQ':Q'nL,I=lQ-:Q-nL,I; 
(iv) L, is simple for q > 5. 
1.8. The structure of the alternating roup G = A, : 
(i) G is simple of order 23 . 3’.. 5 ’ I and has a dihedral S,-subgroup 
s; 
(ii) C,(Z(S)) = US with U normal of order 3, V := O,(US) of type 
(2,2), and U # Up c No(V) for some g E G; 
(iii) No(U) = No(V), a subgroup of order 2332. 
1.9. Let E be quasisimple with E/Z(E) = L,(q) and Z(E) of odd order 
prime to q. 
Then Z(E) = 1 (by elementary transfer). 
1.10. The two main properties of involutions t in a D-group G: 
(i) Let P be a C,(t)-invariant p-subgroup of G, p an odd prime. Then 
[P, tl c O,(G). 
(ii) F,,(C,(t)) ’ d tn uces inner automorphisms on E(G). 
The second assertion amounts to an easy exercise on the structure of 
PGL,(q), and since (i) obviously holds in L,(q), PGL,(q), and A,, it suffices 
to verify (i) in case [P, t] E O(G), and this is easily done, see [ 1, 2.41. 
For elementary properties of groups with dihedral Sylow 2-subgroups the 
reader is referred to [8, Section 7.71. 
2. MAXIMAL SUBGROUPS RELATED TO THE CENTRALIZER OF AN 
INv0~uT10~ 
Now we begin to study a counter-example G of minimal order to the 
Gorenstein-Walter Theorem. 
All proper subgroups of G are D-groups. 
Our starting point is Proposition 9 of [lo], stating that G is simple. 
We fix the following notation: 
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S is a (dihedral) S,-subgroup of G, 
so is a cyclic subgroup of index 2 in S, 
t is the involution in S,, 
H is C,(t), 
U is O(H), 
H is a maximal subgroup of G containing H, 
J is the set of involutions in G. 
We recall that all involutions of G are conjugate, that H is SU, and that 
N,(V) is transitive on v# for every subgroup V= (2,2) of S, so that in 
particular the three involutions in V are conjugate in the normalizer of 
O(C,( VI) = C,,( 0
In this section only, which leads to two cases then discussed in the next 
two sections, rc denotes rr(F(@), and for a maximal subgroup A and a proper 
subgroup B of G we write 
AdB if N,-,(,,,(X) s B for some subgroup X g F(A). 
LEMMA 2.1 (see [3, Theorem B). fi has at least two classes of 
involutions. 
LEMMA 2.2. The following configuration is impossible. In particular, U
is not trivial. 
(a) S, centralizes U, 
(b) Iv(s) is a normal subgroup of Ufor some (hence each) s E S - S,; 
(c) N,(X) s H whenever 1 # X E I,(s). 
Proof: Assume that configuration. Then U = I,(s), by [3, Theorem C]. 
Thus we are in the situation of the Brauer-Suzuki-Wall Theorem (the 
assumption in [4] that U be cyclic is irrelevant), and it follows that G is 
isomorphic to some L,(q), a contradiction. 
LEMMA 2.3 (see 11, 1.6/7]). Let H 4 M. Then the following holds. 
(i) F,(M) 5 H unless F*(H) is a p-group (p a prime); 
(ii) F,,(M) n H = 1 (thus t inverts F,,(M) if t E M); 
(iii) if we also have M4 I?, then H=M unless F*(H) and F*(M) 
are p-groups (p a prime). 
LEMMA 2.4. Suppose I? 4 M with M a maximal subgroup such that 
F*(H) and F*(M) are p-groups, p an odd prime. Then i? = M. 
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Proof: Let P E Syl,(l?) and Q E Syl,(M). As %5,(p) is not involved in 
G, we can apply Glauberman’s Theorems A and B in [6]. 
Thus Z(J(P)) Q B and hence NG(Z(J(P))) = A. Likewise, N,(Z(J(Q))) 
equals M. It follows that P and Q are SD-subgroups of G and that I? and M 
are conjugate, say A = W. Then Z(O,(@)’ lies in fl, say in P. By 
Theorem B, this implies g = cn with c E NG(Z(Op(@)) = fi and 
n E N,(Z(J(P))) = A. This yields I? = M. 
LEMMA 2.5. l? d I? with g E G implies fi = fig, provided O(g) # 1. 
Proof. Lemma 2.4 allows to assume that F*(A) is not a p-group. Then 
F(@) = P’~(Z?)~ I?, by Lemma 2.3.i; and anyway E(A) lies in-hence 
equals-E(fig). Thus we have F*(Z?) s I? and in particular A” 4 I?, so 
that we can apply Lemma 2.3.iii and get Z?= A”. 
THEOREM 2.6. We have U= O(p), C,(U) = O,(R), and either 
Wfi) g so and I?=H 
or 
O,(fi) = c&2) and I?/O,(A) U 2: D,. 
ProoJ Suppose 1 # O,(A). Then U centralizes O,(A) and hence equals 
O(A). Now the assertion follows immediately because all involutions in 
C,(U) are conjugate in NJU) = fl and I? has at least two classes of 
involutions by Lemma 2.1. 
Next suppose 1 #E := E(R). Then SE/Z(E) is some PGL,(q), again by 
Lemma 2.1. Take an involution s E S outside E and let R := [t, C,(s)] and 
R* := [t, C,(ts)]. Clearly, t E E. Hence R and R* are cyclic groups of odd 
order (q f 1)/2 inverted by t. As 8 divides ] C,(st)l, s = tY for some 
involution y in C,(st). Being centralized by t, inverted by s, and of order 
prime to 1 C,(t) : Z(E)1 = q f 1, RY lies in O(A), hence is normalized by S. 
Similarly, N&R*) contains an S,-subgroup of C,(ts), whence y can be 
chosen in N,(R*). By the structure of L,(q), the subgroup (t, R, R*) of 
I?n Z?’ has order divisible by 4. Hence 8 divides ]A n ny I and it follows 
that y centralizes ome involution of E, contrary to y & R. 
This proves E(R) = 1. Thus it suffices to show that t centralizes every H- 
invariant p-subgroup P of G, p an odd prime. 
Suppose [t, P] # 1. Choose P minimal and A? N,(P). 
By minimality of P, l.l.i, and l.l.iv applied with K = O,(H)P, 
P= [t, P] and p = NAOpW)) = C,(O,W)). 
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Lemma 2.1 yields a subgroup V = (2,2) of S such that ZVG(V) g A. By 
l.l.iii, C (s) & C,(t) for some s E v#. Then s = tg, g 6 g, and 
1 f P, := [t, C,(s)] c C,(s) = HP G ag. 
Now l.lO.i comes into action and yields 
P 5 O,(A) and P, c O,@“). 
Lying in Op(HY) = OJH)R, P, centralizes Pg. Hence P” G M for a maximal 
subgroup M 3 N,(P,), and again by 1. lO.i, Pg c O,(M). 
Now Mti I?‘, fig ti M, and AM M because N,(Pg) sBg and 
N&‘,) c M. 
By Lemmas 2.3, 2.4, and 2.5, this yields first M = Z?” and then fi = l?‘, 
contrary to g 6Z A. 
In the following, the reader will be assume to be familiar with Theorem 2.6 
which mainly states that t lies in O,(A). 
LEMMA 2.1. Let fld M & fl with t 4 E(M) and S,-subgroups of M not 
cyclic. Assume 1 S n MI > 8 or 1 S I= 4 or t E O*(M). 
Then [M, t] c F,,(M), [S, U] !Z F(U), and M is solvable. 
Proof. Our assumptions force every normal subgroup of M of order 
divisible by 4 to contain t. Hence E(M) = 1 and t centralizes O,(M). 
Then t centralizes F,(M) and inverts F,,(M), by Lemma 2.3.i/ii and since 
t E O,(A). 
Now [M, t] G C,(F(M)) s F(M) and M is solvable. 
As O,(M) centralizes M n F*,(R) = M n F(U), l.l.iv implies 
[O,(M), U] = 1, hence O,(M) c O,(R), hence O,(M) = 1 (otherwise, 
N,(O,P)) c A). 
Thus [M, t] lies in F,,(M). In particular, F,,(M) # 1. 
Then [t, C,q,,,,(t’)] = CF.,,(M)(f’) # 1 for some involution t’ E C,(t), and 
since F(U) is a n-group and t’ is conjugate to t, [S, U] &F(U). 
LEMMA 2.8. Suppose I,(s) a Ufor each s E S - S,. 
Then [S,, U] # 1 and t E E(M) whenever Ef ti M & Z? and S c M. 
ProoJ As our assumption implies [S, U] c F(U), the second assertion 
follows immediately from Lemma 2.7. 
Suppose [S,, U] = 1. By Lemma 2.2, M := N&Y) & H(=lf) for some 
subgroup X# 1 of I,(s). Thus, t E E(M). However, M is solvable because S, 
is a cyclic S,-subgroup of C,(X). 
LEMMA 2.9. Let V c N c G with V of type (2, 2). Assume t E O,(N,(X)) 
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whenever lf[s,Xl=X~U with sES. Then VnO,(N)#l or 
Vf-lE(N)# 1. 
Proof: Otherwise, V acts faithfully on A := F,,(N). Then V contains two 
involutions, say t and s, such that X := [s, C,(t)] # 1. 
Lying in O,(N,(X)), t centralizes NA(X), hence (by l.l.iv) centralizes A, a 
contradiction. 
THEOREM 2.10. One of the following two cases holds. 
(1) For each s E S - S,, I,(s) is a Hall subgroup of F(U); and for 
every subgroup X # 1 of F(U), No(X) s I?. 
(2) G has a maximal subgroup M such that t E E(M) and N,(X) c M 
for some subgroup X of F(U). 
Proof. Suppose false. Take s E S - S,. 
With p a prime, assume 1 #X := C0p(oJ(s) # O,(U). By l.l.ii, some t- 
invariant S,-subgroup P of O(C,(s)) contains X, and since t and s are 
conjugate, P $ C,(t). This implies [t, N,(X)] # 1, by l.l.iv. 
In particular, [t, M] is not a r?-group when N&X) c M c G. Clearly, 
Ns((t, s)) s M. Thus Lemma 2.7 yields t E E(M), a contradiction. 
This shows that I,,,, (s) is a Hall subgroup of F(U), and then I,(s) 
centralizes F(U), hence lies in F(U). As (1) is false, some subgroup X # 1 of 
F(U) satisfies NJX) g R. By Lemma 2.8, t E E(M) for M1 NG(X). 
3. ELIMINATION OF THE FIRST CASE 
Throughout this section we assume case (1) of Theorem 2.10. 
First we deal with the subcase when O,(Z?) c S,, i.e., E? = H. 
As S centralizes U/F(U), B := C,(S) satisfies U = F(U)B. 
By Lemma 2.2, [S,, U] # 1. So there exist involutions t,, t, E S - S, and 
a prime p E rt(F(U)) such that P := O,(U) is centralized by t, and inverted 
by t,. So with Vi := (t, ti) and P, E Syl,(B) we have P, E Syl,(C,( VJ) and 
P, := PP, E Syl,(C,( VJ). 
Then the Frattini argument forces the involutions in Vi to be conjugate in 
N,(P,). In particular, N,(P,) $ H. Hence, P, # P and P, # 1. 
For g E NG(V,) - NH(V1), P n P* is normal in both H and Hg, hence is 
trivial. It follows that PP”, a normal subgroup of C,(V,), is abelian. 
Take a maximal subgroup A4 of G containing N,(P,). Then S s A4 and 
P, := P nM # 1. As t2 inverts P,, V2 is not contained in O,(M) and hence 
lies in E := E(M) by Lemma 2.9. Thus P, lies in C,(V,), and E/Z(E) must 
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be A, because in L,(q) and PGL,(q) fours groups are self-centralizing. This 
gives 
BnM=o(M), iv= (BnqE, ISI = 8, 
lP”I = 3, and unnM=P,x(BnM). 
Again by Lemma 2.9, E(N,(X)) contains and hence equals E whenever 
1 # Xc: B f’? M, and this implies N&Y) c M. 
Applying this to the normal subgroup X = B n PPg of C,,(t,) = BCFtUj(t,), 
we see that B z M and C,(t,) = B X P, = B x P, and then it follows that B 
is fixed-point-free on F3(U). 
By choice of p, and since p necessarily is 3, both ti invert Fj,(U). Now 
Theorem C of 13 ] applies and yields a contradiction. 
Thus V := O,(R) is of type (2,2). Then S has order 8, and some Hall 
subgroup K # 1 of F(U) equals 1((s) for each involution s E A - V (whence 
[A, s 1 centralizes F(U)). We show that G satisfies conditions (i)-(iii) of 1.8, 
contrary to [ 14 1 (forcing G E A ,). With 
J,, := set of involutions y & A such that 1 fly n .f = n, i.e., IZ,(y)I = n, 
b,, := number of cosets Bg # A such that /fig n JI = n, 
and k := 1 K I we have 
Jn=nb,, lHnJl=3+2k, IAnJI=3+6k, 
3IG:fil=IG:HI=1JI=IJn8l+~IJ,I=3+6kt~nb,, 
lG:Al= 1 txb,, 
6k+x(n-3)b,=O (subtract 3 f (3) from (2)). 
Now we determine the numbers b, (n > 0). 
I,.,.(y) = 1 for every involution y 6$ A. 
(1) 
(2) 
(3) 
(4) 
(5) 
For if 1 # x E Z,,(y), then x E U (because C,(v) G Z? for all v E W”), 
hence V E Syl,(C,(x)), whence x is inverted in NG( V) = A, hence lies in K, 
hence satisfies N,((x)) E E?. 
By 1.4 and (5), y E J, implies 1 D : D n VU1 > n, D := ff n fiy. Then 
ID : O(D)1 = 2 in case n > 4, and Ig(y) is a subgroup of order n in case 
n < 3. In any case, Z,(,,,(y) is a subgroup of order at most 3 inverted by any 
481~70!1 I5 
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involution of A normalizing it. In case n > 4 we have Iof,, # 1 or 
Ioo,(sy) # 1, with s an involution in C,(y). (6) 
Suppose y E J,, inverts some 2’-subgroup X # 1 of l? such that C,(X) and 
N,(X) have even order. 
Then IUI=k=3, n=4, andI?nAY=Ds. (7) 
For X must be conjugate to a subgroup of K, say XC Hg, and satisfies 
F(U)c C,(X)EZV,(X)~I?~; and since VggA, it follows that 
C,&Vg) = 1, hence IF(U)/ = 3 and therefore 1 U] = 3. Lying in Bg = 
(fin Rg) Vg, y centralizes some involution in An Rg, but does not 
normalize the subgroup of order 9 in Z? r\l fig = N,(X). 
This proves (7). By (6), each coset fig contributing to b,, n > 4, contains 
an involution y satisfying the assumptions of (7). Then one of the four 
involutions in Rg centralizes three involutions of & whereas the other three 
centralize only one. Thus the number of pairs (z, s) of commuting 
involutions z @ fi, .s E fl is b, . 3 + 3b, + 26,. On the other hand, this 
number is 6k . 2k, by (1). So we get 
3b, + 6, = 6k’. (8) 
As b, vanishes for n > 5, (4) yields 
6k + b, - 6, - 26, - 3b, = 0. (9) 
If b, = 0, then (8) and (9) give 6k - 6kZ > 0, i.e., K = 1, a contradiction. 
Hence 6, # 0, 1 UI = k = 3, and fixed-point-free action of KV on the set of 
cosets gg contributing to b, forces ] KVI = 12 to divide b,. Then (8) yields 
b, = 12 and b, = 18. 
Suppose y E J, . Then X := IH( y) is a subgroup of order 3; and by (7), 
A := C,(X) has odd order. As y does not invert A (K lies in A), A, := C,(y) 
is non-trivial, hence is conjugate to U = K. This implies y E O,(C,(A,)), 
contrary to [ y, X] # 1. 
This proves 6, = 0; and since ISI = 8 divides b, (S is fixed-point-free on
J,), it follows from (9) that b, = 0 and b, = 4. 
Now we can apply (3) and get IG:fi]= 1+4+0+ 18+0+ 12=35, 
thus ] G] = 23 . 32 . 5 . 7, and we are done. 
4. ELIMINATION OF THE SECOND CASE 
In this final section we study a maximal subgroup M as described in 
Theorem 2.10, and show that it is “too big.” By Theorem 2.6, H & M. 
As E := E(M) has only one class of involutions, M = EC,,,(t) and C,(t) 
contains an S,-subgroup of M, say S n M. Then S n E E Syl,(E). 
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By the structure of A, and L,(q), U n E/Z(E) is cyclic and is inverted by 
some involution s E S n E. It follows that 
K := [S n E, U n M] = Z,,(s) and K is cyclic, (1) 
B := Co&S n E) = C,,(s) and UnM=KB, (2) 
F := B fI F(U) = Ce((&s) and F(U)nM=K,F, 
K, := F(U)fT K. (3) 
Centralizing S n E and inducing inner automorphisms on E by 1.105, 
F centralizes E, hence is normal in E(H n M) = M. (4) 
As H & M and M contains the normalizer of some subgroup of F(U), 
F(U) n M is not cyclic. It follows that F # 1, hence N,(F) = 44, thus 
1 # F = C,&) and B = C,(s). (5) 
For 1 # X s F, Lemma 2.7 yields t E E(N,(X)), hence E c E(N,(X)); and 
since NF(X) induces inner automorphisms on E(N,(X)) by l.lO.ii, tfollows 
that E(N,(X)) c C&V,(X)) c C,(Z(F)) E M, hence E = E(N,(X)). 
This implies Ff? Fg = 1 for each g E G -M. As we can choose 
g E ~&G,F), 
F is isomorphic to a subgroup of K,, hence is cyclic. (6) 
Being cyclic normal subgroups of H n M, F and K, are centralized by 
(HnM)‘. Let x:=rr(F(U)). By 1.1 .iv, every &-subgroup of H centralizing 
K,F = NF(o)(F) lies in C,(F(U)) = O,(H) x Z(F(U)). Thus, 
O,(H n M) = O,(H) and 
n(KF(M)[S nM, B]) = x(C,(K,F)) = 7r = x(K,). (7) 
More notation: 
L P is a subgroup ofprime order p in F, 
A is the subgroup of type (p, p) in F x K,, 
p0 := IN,(A) : N,(P)] = IN,(A) : UnM] = IN,(A) : KB], 
p, := number of conjugates of P in A, 
u := I U : N,(A)]. 
Obviously, p0 < p, < p + 1, hence p0 < p because p0 is odd. 
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With Q := l2,(Z,(O,(U))), a non-cyclic subgroup of exponent p, either 
A=Q,orZ(Q)cAcQandIQ:A(=p,orsinvertsQ. 
In the second case, u < p + 1, hence u < p, and N,(A) = N,(P) Q = 
BKF(U). In the third case, s inverts C,,,,(Q) = F(C,(Q)) because Q &M 
implies C,(Q) n F = 1, and then Z,(s) C C,(F(C,(Q))) = F(C,(Q)), hence 
U = BF( U). Thus 
1 U : BKF(U)I < p and, unless Z,(s) cl I?, u < p and A 4 F(U). (8) 
Now we can eliminate the case E/Z(E) 1~ A,. 
In this case, lKl=3, hence IFI =3 by (6), and V:=O,(HnM)= 
O,(H) = O,(A) is of type (2,2), whence R/VU ‘v D, and S (having order 8) 
lies in E, and, by (7) and (8), U is a 3-group. 
Then O(M) = B = F and K = Z(U). 
Suppose Z,(s) Q A. By the structure of A,, some subgroup K’ # K (with 
e E E) of NE(V) = fin E is inverted by s. Then Ke centralizes Z,(s), and it 
follows that (s)KeU G NF(Ke) = A’, whence U n U’ is normal in both Z?’ 
and Z?, a contradiction. 
By(8),thisprovesAuU,henceJH:HnMl=IU:UnMl=3. 
Next we show that I.Zn MyI < 21 for every involution y E G - M. By 
1.4,Jn~y=Z,(y)y=Jn(MnMY)yand/FgnZ,(y)~~1forallgEM. 
As 2’.subgroups of M/F = A, have order at most 21, we may thus assume 
that M n MY has even order, say y E C,(t). 
Then A V (being normal in H) lies in M n MY, and since A n Z(M n MY) 
contains F and is normalized by y, M nMY lies in C,(A), a subgroup of 
order at most 6 . 18. As V is an S,-subgroup of M n MY, the involutions in 
(M n MY) y are conjugate under A4 n MY; and since C, V( y) has order 6, it 
follows that their number is at most 18, as required. 
Now it follows that 1.Z < IJnMl + 21 IG : MI, 
which together with IJnMI=IM:HnMI=3.5-7 
and IJI=IG:HI=IH:HnM(-‘IM:HnMIIG:MI=35lG:M( 
yields 1 G : MI < 15/2, hence I G : MI < 7, whence each 7-subgroup of M lies 
in all the conjugates of M, a contradiction. 
This proves that E/Z(E) is isomorphic to some L,(q). 
Let k (even) and k’ (odd) be (q & 1)/2. 
Then k= lK[ IO,(HnE)I and IF( is prime to q by (7), whence 
Z(E)= 1: 
E = b(q). (9) 
If S&E, then snM&E because Ns(S n El normalizes 
C,(,,(S n E) = F. Then, with r an involution in S n7M outside E, R := 
O(C,(r)) has order k’ and is inverted by t; and since 8 divides / C,(tr)l, r= tY 
for some involution y E C,(w). Thus RY is a Y-subgroup (by (7)) of U 
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inverted by r. Lying in [r, B] KF(U), RY n BKF(U) is trivial by (7), and this 
implies / R’l < p by (8), contrary to p < k/2. 
This proves S s E, hence S, = O,(Hn E) = O,(H) = C,(U) and k = 
IKI /So/. 
By Theorem A in [ 31, 1 G : H] < 6(2 ]H : C,(s)])* = 6(kup,)*, which 
together with IG:HI = IH:H n MI-’ IM:H n MI IG:MI = 
(up())- ‘qk’ /G : M] yields 
qk’ /G : MI < 6k2u3p& (10) 
As E has cyclic SD-subgroups and has qk’ subgroups of order p, 
P x E contains (p, - 1) qk’ conjugates X # P of P. (11) 
Fix such a conjugate X, say X = PR g A. As NG(X) = MR has only one 
class of involutions, we can choose g subject to tR = t. 
Then AK = A because C,(,,(P) = F x K, L Cro,(PR) = (FK,)“. 
Being centralized by S, P is not conjugate to A n K. 
Hence P x K = X x K and XX Kg = P X KR, and it follows that 
MR n P x E = IV&Y) = PKS, = C,,(A) 
and 
M n x x Eg = XKgS, = C,,(A). 
Take any subgroup Y of XX Eg not lying in M, i.e., A @ D := C,,(y). 
Since ND(X) s X x KS, and E N L,(q), it follows that X is an SD-subgroup 
of D and that ND(X) has a normal complement Q in D with Q dividing q 
(IQ] = 4 would imply C,(Q) c M because C,((t, s)) = (t, s)B c B and s 
now is an arbitrary element of S - S,). 
In particular, Y centralizes at most q conjugates of P in P x E, and 
similarly, a subgroup W of P x E not centralized by A is centralized by at 
most q conjugates of P in X x E”. 
The number of minimal X-invariant subgroups W of P x E with / WI 
dividing q is at most (2(q - 1)/2p) because X normalizes at most two 
subgroups of order q in P x E and 2p = 2 IX] divides / W#( for each W. 
So we can con&de that not more than ((q - l)/p)q conjugates Y of P 
lying in X x ER but not in M (i.e., not in A) satisfy Q # 1, whence by (1 l), 
applied to XX ER, there are at least (pl - l)(qk’ - 1) - ((q - I)/p)q 
conjugates Y of P such that X is the only conjugate of P lying in C,,,(Y). 
Thus the number of all conjugates of P, which is I G : N,(P)/ = I G : MI, is 
at least (p, - 1) qk’((p, - l)(qk’ - 1) - ((q - I)/p)q). By (lo), this yields 
(p,-l)(qk’-1)--q 
P 
<6k*dp;. (12) 
228 HELMUT BENDER 
We recall that 3 < p0 < p,, p. < p < k/2, and q > 7 (because K, # 1). 
Since [S,, U] = 1, Lemma 2.8 and (8) yield u < p. Now 
This gives q(q - 4) < 7, the final contradiction. 
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